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1. Introduction 



> 

Since S. Kakutani [11], it has been known the similarity of ergodic averages and mar- 
tingales in terms of their behavior. In addition, it was noticed that the proofs of er- 
godic theorems and (reversed) martingale convergence theorems have some similarities. 
Therefore the problem of unification of these processes was naturally arisen. Since then 
several approaches have been suggested by M. Jerrison (1959), G.-C. Rota (1961), A. 
and C. Ionescu-Tulcea (1963), A.M. Vershik (1960s) and A.G. Kachurovskii (see [10] for 
review). For example, M Jerrison showed that ergodic averages can be considered as mar- 
tingales in some space with a— finite measure. G.-C. Rota introduced so called generalized 
martingales which allow to unify martingales and ergodic averages with respect to Abel 
summation and proved the convergence theorems for these processes. Abstract theorem 
of Ionescu-Tulcea gives a unique proof of martingale and ergodic convergence theorems. 
A.M. Vershik's approach was based on consideration of actions of locally finite groups. 
Unfortunately, each of the above approaches has some weaknesses by means of unification 
of these two processes into a unique superstructure [10]. Recently, A.G. Kachurovskii in 
[9], and in more detail in [10] developed a new theory of martingale-ergodic and ergodic- 
martingale processes and proved convergence theorems for these processes from which 
Birkhoff 's pointwise ergodic theorem, von Neumann's mean ergodic theorem [12] as well 
as Doob's martingale convergence theorems [7], can be obtained as the degenerate cases. 
Moreover, the continuous analogues of martingale-ergodic and ergodic-martingale pro- 
cesses were studied by I.V. Podvigin [15], [16]. 

Note the vector valued ergodic theory is developed sufficiently well [12], [4]. Moreover, 
vector valued analogues of Doob's martingales convergence theorems are also known and 
can be found in [6], [19]. So, it is natural to develop Kachurovskii 's unification theory for 
vector valued martingale and ergodic processes. 

The aim of this paper is to extend martingale-ergodic and ergodic martingale processes 
to the space L p (Q, X) of Bochner integrable functions with values in a Banach space X. We 
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prove norm convergence as well as a.e. convergence for X— valued martingale-ergodic and 
ergodic-martingale processes. We establish dominant and maximal inequalities. Also, we 
extent obtained results for weighted and multiparameter martingale-ergodic and ergodic 
martingale processes. 

The paper is organized in the following way. In the next section we define the vector 
valued martingale-ergodic processes and prove convergence theorems for them. In the 
following section we consider ergodic-martingale processes and prove convergence theorems 
for them. Finally, the last section is devoted to weighted and multiparameter extensions 
of obtained results. 

2. Vector valued martingale ergodic theorems 

In this section we prove a vector valued martingale ergodic theorems. 

Throughout this paper X will be denoted a reflexive Banach space with the norm \ \-\\x 
and (fi, /?,//) a finite measure space. By L p (X) = L p (Q,,X), 1 < p < oo we denote the 
Banach space of X valued measurable functions / on $7. with the norm defined as 

We just write L p when X = R. By E(f\F) we denote the conditional expectation of 
/ € L p (Q, X) with respect to a— subalgebra F of j3. Let F n be a sequence of monoton- 
ically increasing (decreasing) a— subalgebras such that F n f F^ (F n ], F^) as n — > oo. 
Henceforth we only consider a monotone sequence of a— subalgebras F n . The sequence 
(/n)n>i hi L p {p,,X), 1 < p < oo is called an ordinary martingale, if f n = E(f n+ i\F n ), 
and it is called a reversed martingale, if f n +\ = E(f n \F n ). A martingale is called regular if 

fn = E(fo\F n ). 

Henceforth we consider only regular martingales. 
We start with the following lemmas. 

Lemma 2.1. Let f n be a sequence in L p (VL, X), p > 1. Assume that f n is norm convergent 
to f* in L p (fl,X) as n — > oo. Then E(f ni \F n2 ) — > E(f*\F OQ ) in norm on L p (Q,X) as 
n\, n-2 — > oo (independently) . 

Proof. The proof can be given analogously as Lemma 1 of [10]. 

□ 

We say that a linear operator T in Li(Q,X) is positively dominated if there exists a 
positive linear contraction T' in L\, called a positive dominant of T, such that 

||T/|U<T'(||/|U). 

Let us now consider some examples of positively dominated operators. More details can 
be found in [13], [8]. 

1. If T is a real valued, then it is positively dominated by some positive linear contraction 
on L\. For the vector valued T, a positive dominant may not exist in general. 

2. Let r be an endomorphism on (U,(3,fi) then the linear operator T : L\{p,,X) — 
Li(Q, X) given by Tf = / o r is said to be generated by r. T is positively dominated by 

r with t'(||/||x) = ||/|| x ot. 

3. Assume that the Banach space X has Radon-Nikodym property (this holds surely if X 
is reflexive). Consider the conditional expectation E{f\F) with respect to a— subalgebra 
F of (3. For / £ Li(Q,X), the conditional expectation E(f\F) is Radon-Nikodym density 
with respect to the finite measure \i on F. Since ||-E(/|F)||x < -E'dl/Hxl-F) a.e. for all 
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/ G Li(Q,X), where E'(-\F) is a conditional expectation on Li, then the operator E(-\F) 
is positively dominated by E'(-\F). 

Lemma 2.2. Let f n be a sequence in Li(Q,X) and f n — > f* a.e. as n — > oo. Assume 
that h(uj) = sup n \\f n {uj)\\x G L 1 . Then E(f ni \F n2 ) ->• £(/*|Foo) a.e. as m, n 2 -> 
oo (independently). 

Proof. Note that 

\\E(f m \F n2 ) - EiflF^Wx < \\E(f m \F n2 ) - E(f*\F n2 )\\ x + \\E(f*\F n2 ) - E(f* |Foo)IU- 

According to martingale convergence theorem[5] (see also [14]) ||.E(/*|F n2 ) — E(f*\F 0O )\\x 
converges a.e. to as ri2 — > oo. Let us estimate ||£?(/ m \F n2 ) — E(f*\F n2 )\\x- We have 

\\E(f ni \F n2 ) - E(f*\F n2 )\\ x = \\E(f ni - f*\F n2 )\\x < 
<E'(\\f ni -f*\\x \F n2 )<E'(h ni \F n2 ) 
where h ni = sup m > ni \\f m — f*\\x and E' is the positive dominant of E, that is, a con- 
ditional expectation on L\.. Since f n — > /* a.e., then h ni — > and h ni < 2h G L±. 
Applying Lemma 2 of [9] we get E'{h ni \F n2 ) -> 0. Therefore, £(/ m |F n2 ) -)■ Eif^F^) 
a.e. as ni, «2 — > oo (independently). 

□ 

Let us put 

.. 71—1 

S n f=-Y J T i f, f*= lim 5 n /, 

n=0 

^(ii/iix) = ^£Vr(ii/iu). 

i=0 

Theorem 2.3. Let T be a linear operator generated by an endomorphism in (fi, /?,//). 

1. T/ien 

m L p (fi, A) as n 1; n 2 -> oo, if f & L p (Cl,X), p>l. Moreover \\E(f*\F 00 \\ p < \\f\\ p . 

2. Let sup n \\S n f\\x G L\ and f G L p (ft,X). Then 

E(S m f\F n2 ) ^ E(f*\ 
a.e. in Li(Q,X) as m, n2 — > oo, moreover E(E(f*\F ao )) = Ef. 

Proof. The norm convergence comes from Lemma 2.1 and vector valued analogue of mean 
ergodic theorem. Since the conditional expectation operator is contracting in L p (Cl, X), 
then ||£J(/*|F 00 )||p < Further, since T is generated by an endomorphism, then the 

ergodic average S n f is contracting in L p (ft, X) norm. Hence ||/*|| p < ||/|| P - 

The convergence a.e. follows vector valued analogue of Birkhoff's theorem (Theorem 
4.2.1 in [12]) and Lemma 2.2. 

□ 

Remark 1. In the degenerate case when F n2 = F, the above theorem coincides with 
the mean and a.e. vector valued ergodic theorems. Moreover, if T = id the theorem 
coincides with a vector valued martingale convergence theorem of S. Chatterjee (see [5], 
[6], [19]). 

Remark 2. In case when F n be a sequence of monotonically decreasing a— subalgebras 
such that F n \ F as n — > oo, Theorem 2.3 remains true. 

Remark 3. The condition " sup n \\S n f\\x G L\ is crucial. According to [1], this 
condition can not be omitted even in real valued case. However, in real valued case, 
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under the assumption that conditional expectation and ergodic average commute, the 
convergence theorem is given for the unified processes in [16] without integrability of 
supremum. 

Let L(Q, X)[log + L(Vt, X)\ m denote the class of all functions for which 



/ 



\ x [log max(l,\\f\\x)] m < oo. 
x 

This space is a Banach space if we define the norm of / as above integral. We just write 
L[log+L] m when X = R. 

Theorem 2.4. (Dominant inequality) Let T be a linear operator generated by an endo- 
morphism in (CI, f3,fi). Let F n2 I and sup n \\S n f\\x € L\. Then for p > 1, we have 

1. ' 

I \SUPni,n2 \\E(S n J\F n2 )\\x\\ P < H/llp. 

2. Iff € L(n,X)[log + L(fl,X)} m+2 , then 

sup nun2 \\E(S ni f\F n2 )\\ x e L[log + L)] m . 
Proof. Let g = sup ni \\S ni f\\ X - Then 

\\E(S n J\F n2 )\\ x \\ p < \\sup n2 E'(g\F n2 )\\ p 

where E' is a positive dominant of E. Since g is a real valued function, then by dominant 
inequality for the reversed martingales [17], we get 



\\sup n2 E'(g\F n2 )\\ p < JL-WEf^F-y)^. 



Since the conditional expectation is contracting, then 

" l£m)llp<-^rll<7llp< 



P — 1 p — 1 

P P 

< ^—^\\sup n \\S n f\\x\\p < ^7j-||s«Pf»'S , ^(||/||A-)||p- 

Now, again by using the dominant inequality [12] 

H«iP»S'n(ll/lk)llp<-^Tllll/lkllp /; 



p-l" 1 "" p-1 

Therefore 



\sup nun2 \\E(S n J\F n2 )\\ x \\ p < {-^ 



~ ur v 



2. Let g = sup ni \\S ni f\\x- First we apply Theorem 2 from [20], which asserts that if the 
function / is from the class L(Q, X)[log + L(U, X)] m+2 , then g = sup ni \\S ni f\\x belongs 
to the class L[log + L} m+1 . We have the following estimation 

su Pni,ri2 \\E(S n J\F n2 )\\ x < sup n2 E'(g\F n2 ) 

where E' is a positive dominant of E. 

Note that the sequence E'(g\F n , 2 ) n2 is just the reversed nonnegative submartingale. 
Since g € L[log + L] m+1 , then by applying corollary 1.4 from [18], we get sup n2 E' (g\F n2 ) € 
L[log + L] m . So the above inequality implies 

sup m , n2 \\E(S n J\F m )\\x G L[log+L)} m . 

□ 
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Theorem 2.5. (Maximal Inequality) Let T be a linear operator generated by an endomor- 
phism in (Q,f3,/j,) and f 6 L p (Q,X), p > 1. Then the following inequality holds for any 
e > in the case when F n 1 Foo and sup n \\S n f\\x G L±. 



\\E(S ni f\F n2 )\\ x >e} < 
Proof. We put g = sup ni \\S ni f\\ X - Then 



p-lj eP 



v{sup nun2 \\E(S ni f\F n2 )\\ x >e}< n{sup n2 E'(g\F n2 ) > e} 

where E' is a positive dominant of E. 

By maximal inequality for reversed martingales [17], we have 

fi{su Pn2 E'(g\F n2 ) >e}< ^\\E? {g^W*. 

Now, we apply the fact that the conditional expectation is a contraction in L p and ergodic 
average S m is positively dominated, we get 

^11^1^)11? < ^\\g\\ p P < ^\\su Pni s' ni (\\f\\xW p . 

Further from dominant inequality for ergodic averages, we obtain 

^\\snPnXM\\xW P <^J^. 

That is why 

^ mPni ^\\E(S n J\F^)\\ x >e}<(^J^. 

□ 

We say that T is an L\ — contraction if ||T/||i < ||/|| and HT/Hoq < ||/||oo, where 



= J wmwxdfi 



and 

ll/lloo = inf{\ : \\f(uj)\\ x < A a.e}. 
Chacon [4] proved the individual ergodic theorem for L\ — contractions acting in 
L\(Q,,X), where X is reflexive. The following theorem, which can be proved analogously 
as Theorem 2.3, unifies Chacon's theorem and martingale ergodic theorem. 

Theorem 2.6. Let T : Li(Q,X) — > Li(£l,X) be positively dominated by an L\ — L^ 
contraction T' in L\. Then 

1. E(S ni f\F n2 ) converges in L p (p.,X), p > 1, if f € L p (Q,X) as n\,ri2 — > oo. 

2. E(S ni f\F n2 ) converges a.e. if su Pni \\S ni f\\ x G L ± . 

Proof. Note that since T' is an L\ — L^ contraction in L\, then T is also an L\ — L^ 
contraction in Li(U,X). Therefore, both assertions are the consequences of Chacon's 
theorem [4], Lemmas 2.1 and 2.2. 

□ 

The following dominant and maximal inequalities for L\ — L^ contraction hold with 
the same constants of Theorems 2.4 and 2.5. 
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Theorem 2.7. Under the hypothesis of Theorem 2.6 the following inequalities hold true 
if sup ni \\S ni f\\ x € L 1 andp>\. 
1. 



\sup ni ,n 2 \\E(S ni f\F n2 )\\x\\ P < 



2. 

n{sup ni , n2 \\E{S n J\F n2 )\\x>e}< (-E-J}M. 

3. Vector valued Ergodic-Martingale processes 

In this section, we define vector valued ergodic-martingale processes and prove the 
convergence theorems for them. 

Lemma 3.1. Let T a linear operator generated by an endomorphism (Cl,/3,fji) and f n be 
a sequence in L p (Cl,X), p > 1, and fn^-fin L p (Q,X) whenever n — > oo. Then 

S ni fn 2 ->•/*= lim S n f 

in L p as n\,n<i — > oo. 
Proof. Since 

I I'S'ni fn 2 ~ f \p — I l^m {fn 2 ~~ /) I lp W^ni f ~ f Hp? 
then from condition of the lemma and by virtue of contraction property of ergodic aver- 
aging S n we get the desired result. □ 

The following lemma is a generalization of Theorem 7.5 proved by Maker P.T.(see [12], 
p. 66 or [10]), in a vector valued case. 

Lemma 3.2. Let T a linear operator generated by an endomorphism (Q, j3, fi) and f n 
be a sequence in L p (n,X), p > 1 with f n — > / a.e. as n — > oo in \\ ■ \\x norm, h = 
su Pn\\fn\\x £ L\. Then for positively dominated operator T we have 

Snjn 2 ->•/*= I™ S n f 

a.e. as n±, n<i — >• oo 
Proof. One can see that 

\\S ni fn 2 - f*\\x < \\Sni(fn 2 ~ f)\\x + H^rai/ ~ /*lk 

Obviously, HS^Cf) - -»• a.e. 

Since T is positively dominated, then there exists a positive dominant T' such that 

||T/|U<T'(||/|U). 



Hence 



1 ni-l 

" f)\\ X < I!" E T ^ " f)W* ^ 



i=0 

ni — 1 



< - E CO'dl/n* " /Ik) = S'nMfn. ~ /Ik). 



n=0 



Note that ||/ n2 — f\\x & L\ and according to our assumption ||/ n2 — — ^ a.e. 
Further, since the function h = sup n \\f n \\x is integrable, then due to ||/ n2 — f\\x < 2/i 
the function ||/ n2 — f\\x is also integrable. According to Theorem 7.5 [12] (p. 66) we get 
SniGI/na - /Ik) a.e. Therefore, H^/^ - f*\\ x -»■ a.e. 

□ 
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Theorem 3.3. Let T be a linear operator generated by an endomorphism /?,//). The 
following statements hold. 
1. 

S m (E(f\F n2 )) -)■ E(f*\ 

in L p (n,X) as m, n 2 -> oo, iff G L p (Sl,X), p>l. Moreover ||S(/*|F 00 )|| p < ||/|| p . 
2. //s«p„ a p(/|F na )||x €Li, tten 

a.e. in Li(il,X) as m, n 2 — > oo, moreover E(E(f*\F 00 )) = Ef. 

Proof. The proofs are the same as the proofs of Theorem 2.3. The norm convergence 
is the combination of Lemma 3.1, vector valued mean ergodic theorem [12], and vector 
valued martingale convergence theorem. Note that if a linear operator is generated by 
an endomorphism, then it possesses a positive dominant. So the a.e. convergence is the 
combination of Lemma 3.2, vector valued individual ergodic theorem and vector valued 
martingale convergence theorem. □ 

As the matter of fact, as in classical L p spaces, dominant and maximal inequalities for 
ergodic-martingale processes can be obtained by the same arguments of Theorems 2.4 and 
2.5 for martingale-ergodic processes. However, as in real valued case [10], the advantage 
of ergodic-martingale processes is that the sequence of martingales need not necessarily 
to be reversed. 

Theorem 3.4. (Dominant Inequality) For a linear operator T generated by an endomor- 
phism on (p.,P,fx) the following estimates hold true. 

1. Iff€L p (Q,X), p>l, and su Pn2 \\E(f\F n2 )\\ x € L u then 

\\sup nun2 \\S ni (E(f\F n2 ))\\ x \\p< (^~Tt) WfWp- 

2. If f € L(n,X)[log + L(n,X)] m+2 , then 

su Pm , n2 \\S m (E(f\F n2 ))\\ x e L[log + L] m . 

Proof. The proof of this Theorem is very similar to the proof of Theorem 2.4. Let g = 
sup n \\E{f\F n )\\ x . Then 

I \ sup nij n 2 \ \S ni (E(f\F n2 ))\\ x \\p < \\sup ni S' ni g\\ p . 
From the dominant inequality for ergodic averages [12] we get 

p 

\\sup ni S' ni g\\ p < ^— j-IMIp- 
Since the conditional expectation operator is positively dominated, then 

-^tNIp = -^-\\sup n \\E{f\F n )\\ x \\ p << -^\\ suPn E(\\f\\ x \F n )\\ p (^-\ 
p — 1 p — 1 p — 1 \p — 1 J 

Now we prove part 2. We set g = sup n \\E(f\F n )\\x- One has 

g<su Pn2 E'(\\f\\ x \F n2 ). 

Note that since / G L(fi, X)[log + L(Q, X)} m+2 , then \\f\\ x G L[log + L] m+2 . Since the 
sequence -E'dl/Hxl-F^) is reversed nonnegative martingale, then Corrolary 1.4 of [18] 
implies 

g = sup n \\E{f\F n )\\ x G L[log + L] m+1 . 
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Further, note that 

sup nu n 2 \\S ni {E{f\F n2 ))\\x < sup ni S' ni g. 

Moreover, the condition g G L[log + L] m+1 yields S' n g G L[log + L] m [12]. Finally, the 
above inequality implies 

sup m , n2 \\S m (E(f\F n2 ))\\ x G L[log + L] m . 

□ 

Theorem 3.5. (Maximal Inequality) Let T be a linear operator generated by an endomor- 
phism (Q,j3,[i) If sup n2 \\E(f\F n2 )\\x £ L\, then for any e > we have 



fi{sup nun2 \\S ni {E(f\F n2 ))\\x >e}< 
Proof, g = sup n \\E(f\F n )\\ X - Then 



v \ v \\m 



p-lj eP 



p \ p \\m 



li\sup ni:n2 1 \S ni (E(f\F n2 ))\\ x >e}< fi{su Pni S' ni 9 > e}. 
By the maximal inequality for ergodic averages [12], we obtain 

fi{su Pni S' ni g >e}< ^\\g\\ p p . 
Finally, from the dominant inequality for vector valued martingales [14], [?], we get 

^ P P = ^\\s U Pn\\E(f\F n )\\x\\ p p < Kp _ l} £p , 
hence 

/J>{siip ni ^ n2 1 1 S ni (E(f\F n2 ))\\x>e}<[-J—\ 

□ 

Theorem 3.6. Let an operator T : Li(£l,X) — ^ Li(Q,X) be positively dominated by an 
L\ — Lqo contraction T' in L\. Then 

1. S ni (E(f\F n2 )) converges in L p (£l,X), p>l, if f G L P (Q,X) as ni,n,2 — >• oo. 

2. S ni (E(f\F n2 )) converges a.e. if sup n2 \\E n2 (f\F n2 )\\ x G L x and f G Li(fi,X). 

Proof. Since T' is an L\ — Loo contraction in L\, then T is also an L\ — Loo contraction 
in Li(£l,X). Therefore, the proof comes from Chacon's theorem [4], Lemmas 3.1 and 3.2. 

□ 

Theorem 3.7. Let an operator T : Li(tt,X) — > L±(Cl, X) be positively dominated by an 
L\ — Lqo contraction in L\. If f G L p (Cl,X), p > 1 and sup n2 \\E(f\F n2 )\\x G L±, then 
1. 

\ 2 

E(f\F n2 )\\ x \\ P < 1 



p-1 



2. 

n{sup nun2 \\S ni E(f\F n2 )\\x >e}< 



p-1 J eP 
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4. Weighted and multiparameter cases 

In fact, not only can martingales be unified by ergodic averages, but also multiparameter 
martingales can be unified by weighted and multiparameter ergodic averages. In this 
section we provide a weighted and multiparameter martingale-ergodic as well as ergodic- 
martingale theorems. 

Firstly, we define the following terminology. Let ctj, i £ N be a sequence of complex 
numbers. We say that oti is a bounded Besicovitch sequence if the sequence on is bounded 
and for any e > there exists a trigonometric polynomial ip £ such that 

j 71—1 

lim - V" \ai - ip s (i)\ < e. 

n— ¥oo n L — ' 

i=0 

We define the following weighted average 

n-1 



S n (T, a, /) = -y>,T7, 



p- 



p Y\\f\\ p P 



n 
i=0 

where T is a linear operator in L±(Q,X). When X is reflexive and T is an L\ — 
contraction, then norm and a.e. convergence of S n (T, a, f) is due to K. Berdan [2]. 
The following theorem is a unification of vector valued weighted ergodic theorem and 
martingale convergence theorem. 

Theorem 4.1. Let an operator T : Li(Q,X) — > L\(Q,X) be positively dominated by an 
L\ — contraction T' in L±. Let f € Li(Q,X) such that sup n \\S n (T, a, f\\x € L±. 
Then 

1. E(S ni (T, a, f)\F n2 ) converges in L p (Q,,X), p > 1, if f £ L p (tt,X) as n\,ri2 — > oo. 

2. E(S ni (T, a, f)\F n2 ) converges a.e. 
Ln case F n2 1 and p > 1 we have 

3. ' 

\\su Pnun2 \\E(S ni (T, a, f)\F n2 )\\ x \\ p < a 

I 

n{sup nim \\E(S ni {T, a, f)\F n2 )\\ x > e} < a 
where a = supi(a.i). 

Proof. The proof of the first part is the combination of Lemma 2.1 and norm convergence 
of S n (T, a, f) [2]. The second part comes from Lemma 2.2. and a.e. convergence of 
S n (T, a, f) [2]. 

3. Let g = sup ni \\S ni (T, a, f)\\ x . Then 

\\sup nun2 \\E(S ni (T, a, f)\F n2 )\\x\\ P <\\s U pn 2 E'(g\F n2 )\\ p , 

where E' is the positive dominant of E. 

Since g is a real valued function, then by dominant inequality for the reversed martin- 
gales we get 

|| S ^„ 2 ^( 5 |F n2 )|| p < -^-H^lFOIIp. 
Since the conditional expectation is contracting, then 

^\F\g\F 1 )\\ p <^\\g\\ p < 

< _Z_|| supn ||5 n(T) a> mx \\ p < _P_\\ supn s' n (T',a \\f\\x)\\p 



P-1J eP 
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where S' n {T',a \\f\\ x ) = I ai (T'y(\\f\\ x ). 

i=0 

Now, by using the dominant inequality [2] for S' n (T, a, /), in case X = R, we get 
\\sup n S' n (\\f\\x)\\ P < a^HH/lkllp = a^ill/llp- 



Hence, we get 

, 2 

\\ SUPnun2 \\E{S ni (T, q, /)|F n2 )|| x || p < a ' 



P 

p — 1 



4. We put 5 = sup ni \\S ni (T, a, f)\\ x . Then 



[i{sup ni ^ n2 ||£?(5 ni (T, a, /)|F„ 2 )||x > e} < fi{sup n2 E' (g\F n2 ) > e} 

where E' is a positive dominant of E. 

By maximal inequality for reversed martingales [17], we have 

n{sup n2 E'{g\F n2 ) >e}< ^\\E' {g^)^. 
Now, we apply again that the conditional expectation is a contraction in L p and get 

lll^lFOII^llMl^lll^^^r, a, \\f\\ x W p 

n-l 



where S' n {T\a \\f\\ x ) = ± £ a t (T'y(\\f\\ x ). 

i=0 

Further from dominant inequality weighted for ergodic averages [2], we obtain 



Usup ni S'(T',a\\f\\ x W<a f " 



That is why 



\\E(S ni (T, a, f)\F n2 )\\ x > e} < a 



p rll/llp 



p - 1 J eP 



The following theorem is a weighted vector valued ergodic-martingale theorem. 



□ 



Theorem 4.2. Let an operator T : Li(£l,X) — > Li(f2,X) be positively dominated by an 
L\ — Loo contraction T' in L\. Let f € Li(U,X) such that sup n \\E(f\F n )\\ x € L\. Then 

1. S ni (T, q, E(f\F n2 )) converges in L p (Vt,X), p > 1, if f £ L p {VL : X) as n\,U2 — > oo. 

2. S ni (T, a, E(f\F n2 )) converges a.e. 

In case when F n2 \, F^ and p > 1 we have 
3. 

( x 2 

I \ su Pni,ri2 W^ni 

(T, Q, E(f\F n2 ))\\ X \\ p < a 

p Ywm 



4- 

H{sup ni ^ n2 \\S ni (T, a, E(f\F n2 ))\\ x > e} < a 
where a = supi(ai). 



p-lj eP 



Proof. The proofs of 1 and 2 are the combinations of Lemma 3.1, 3.2 and weighted vector 
ergodic theorem of K.Berdan [2]. 3 and 4 can be obtained in a similar way to 3 and 4 of 
the previous theorem. □ 
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Now, we turn to the unification of multiparmeter martingales and ergodic averages. 
For each fixed k, let F*, n G N be either increasing or decreasing a— subalgebras such 
that F„ fc t or F n fe | F* . Let = L(-|L„ fc ), n G TV and L s = E] l E^ 2 ■ ■ ■ E^ + \, for 
s = (si, S2, • • • , Sp+i) € N p+1 . By (F s , s G iV p+1 ) we denote the increasing or decreasing 
net of a— subalgebras. 

Consider the following multiparameter weighted average 

S(T d , a d , n d , f)= 1 5 <---<T^...T^(/) 

itl»t2 ' ' ' IL a 

ki=0 i=l,d 

where {(ai)} are bounded Besicovitch sequences, j = 1, 2, • • • , d. We set a = s«Pfc=i,2,- ,dsupj \ 
We define the multiparameter martingale-ergodic average as E s (S(T d , a d , n d f)\F s ). 

Theorem 4.3. Let the operators : L\(Q,X) —> Li(Cl,X), i = l,d be positively domi- 
nated by an Lx—L^ contractions T[ inL\. Assume j G Li(Q,X) and sup nj \\S nj (T, a d , n d , f) 
is integrable, then 

1. The multiparameter martingale-ergodic average as E s (S(T d , a d , n d f)\F s ) converges 
a.e. as n d ,s — >■ oo independently. 
For f G L P (Q,X), p > 1, we have 
2. 

d+p+l 



( p y +p+1 

sup njjS \\E s (S(T d , a d , n d , f)\F s )\\ x \\ p < a I — - I ||/|| p . 

P V 11/11? 



5. 

^{sup nj , s ||L(S(T d , a d , n d , f)\F s )\\ x > e} < a p ' , , 

Proof. 1. Since the operators Tj are dominated by an Li — Lqo contractions T/, then Tj are 
also Li(^, X) — Lqo ($7, -X') contractions. Therefore, Tj satisfy the conditions of Theorem 4 
of [3], from which it follows that S(T d , a d , n d , /) converges a.e. as rij — ¥ oo, j = 1, 2, • • • d. 

On the other hand, since X is reflexive, then it possesses the Radon-Nykodim property, 
therefore, from Theorem 6.2 of [8], it follows that for / G L p (Jl, X) 

E s = E 1 sl E 2 S2 ...E^ 1 {f) 

converges a.e. as the indices Sj — > oo independently. 

These two facts along with Lemma 2.2 prove the assertion 1 of the theorem. 
2. Let g = sup nj \\S(T d , a d , n d , f)\\x- Then we have 

\\sup njtS \\E s (S(T d , a d , n d , f)\F s )\\ x \\ P < \\sup s \\E' s (g\F s )\\ x \\ p , 

where E' s is a positive dominant of E s . 

Dominant inequality for reversed martingales and simple iteration argument (see [14], 
p. 22) imply 

p+i 



( P \ 

\sup s \\E' s (g\F s )\\ x \\ p < I —j J \\g\\ p 



Further, 

p+i 



(^j) P+1 \\9\\ P = [p-^jj \\™ P n 3 \\S(T d , a d , n d , f)\\ x \\ p < 
^j) \\su Pnj \\S'(T d , a d , n d , 
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where S', given by 

S\T' d , a d , n d , \\f\\ x )= 1 J2 a\ 1 ...a d ki {T^...{T' d t^g) 

fc I= i=l,d 

is a positive dominant of S. 

Finally, from weighted multiparameter dominant inequality for ergodic average S' [3] 
(in case X = R), we have 

\\su Pnj \\S'(T d , a d , n d , \\f\\x)\\ P < a (-^ \\f\\ p 

and hence 

\\sup nj , s \\E s (S(T d , a d , n d , f)\F,)\\x\\ P < « (-fy) 
3. Let g = sup nj \\S(T, a d , n d , f)\\x- Then 

IJ-{sup n ^ s \\E(S(T d , a d , n d , f)\F s )\\ x > e} < fi{sup s E' s (g\F s ) > e}, 

where each {E l s .)' i = l,p + 1 is the positive dominant of E\. i = l,p + 1. 
By maximal inequality for {E\ )' we have 

n{sup s E' s {g\F s )>e} < ±\\{E?J ■ ■ ■ (E£ + \)> (g\F S2 ,.. , Sp+1 )\\ p 
From contraction property of conditional expectations, we have 

^\\(E 2 S2 y ■ ■ ■ (E^ + \Y(g\F S2 ,.. ySp+1 W P < ^\\9\\ P P . 
Now we use the dominant inequality for ergodic averages and get 

£ p\wup £P \ 



"- -"sup nj \\S(T, a d , n d , f)\\x\\ p < 

pd / \ pd 



<-« p ( — I \\f\\l = o? ( '' 



eP \p — lj " " p \p — l J eP 



□ 



Remark 4. It should be stressed that in above theorems the number of conditional 
expectations depend on p (there are p+ 1 conditional expectations). That is why Theorem 
4.1 can not be considered as a particular case of Theorem 4.3. However, one can unify one 
parameter martingale with weighted multiparamater ergodic averages and obtain similar 
results. 

The following is a multiparameter ergodic-martingale theorem. However, maximal in- 
equality for this process is unknown for us. 

Theorem 4.4. Let the operators Tj : Li(Q,X) — >■ Li(Q,X), i = l,d be positively domi- 
nated by an L\ — contractions T[ in L\. Assume f G L±(p.,X) and sup s \\E s (f\F s )\\ x 
is integrable, then 

1. The multiparameter ergodic-martingale average as S(T d , a d , n d E s (f\F s )) converges 
a.e. as n d , s — > oo independently. 

2. For f € L p (Q,X), p > 1. we have 

( v \ d+p+1 

\\sup nj , s \\S(T d , a d , n d , E s (f\F s ))\\ x \\ P < a \\f\\ P - 
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Proof. 1. The proof is very similar to the proof of the previous theorem. Since the 
operators Tj are dominated by an L\ — contractions T/, then Tj are also Li(fl,X) — 
Loo(r2, X) contractions. Therefore, Tj satisfy the conditions of Theorem 4 of [3], from 
which it follows that S(T d , a d , n d , f) converges a.e. as rij — > oo, j = 1, 2, • • • d. 

Moreover, the reflexivity of X allows us to use Theorem 6.2 of [8], which says that for 
/ G L p (U,X), the multiparameter conditional expectations 

fl. = ££X ■■■<£(/) 

converges a.e. as the indices Sj — >■ oo independently. 

Therefore, Lemma 3.2 concludes the proof of the assertion 1 of the theorem. 
2. Let g = su Ps \\E s (f\F s )\\ x . Then 

\\sup nj}S \\S(T d , a d , n d , E s (f\F s ))\\ x \\ P < \\sup nj S' (T d , a d , n d , g)\\ p 
where S'(T d , a d , n d , g), defined by 

S'(T d , a d , n d , /) = 1 £ <---<(T 1 T 1 ---(T ( ^(/) 

fil fi2 ' ' ' 'I'd — 
ki=0 i=l, d 

is a positive dominant of -S^, a^, n^, /)• 

From dominant inequality for weighted multiparameter ergodic averages , we have 

\\sup nj S'(T d , a d , n d , g)\\ p <a(^—^j \\g\\ p . 
Note that since conditional expectations E s are positively dominated, then 

\\EsU\Fs)\\x<K{\\f\\x\Fs), 
where E' s is multiparameter real valued conditional expectation. Thus, 

a (^l)" M ? = a (p^l) d \\™Ps\\Es(f\F s )\\x\\ P < a (^-P-^ d \\E' s (\\f\\x\F s )\\ p . 

The dominant inequality for reversed martingales and simple iteration argument bring 
to the following estimate 



\ d +P+ 1 



a (^r) ii^(ii/iui^)ii p <«(^t) p ii/ii 

That is why 

\\sup nj:S \\S(T d , a d , n d , E s (f\F s ))\\ x \\ p < a 
holds. 

□ 
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